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Effects of power-law Maxwell field on the critical phenomena of higher dimensional
dilaton black holes
Jie-Xiong Mo ∗, Gu-Qiang Li †, Xiao-Bao Xu ‡
Institute of Theoretical Physics, Lingnan Normal University, Zhanjiang, 524048, Guangdong, China
The effects of power-law Maxwell field on the critical phenomena of higher-dimensional dilaton
black holes are probed in detail. We successfully derive the analytic solutions of critical point and
carry out some check to ensure that these critical quantities are positive. It is shown that the
constraint on the parameter α describing the strength of coupling of the electromagnetic field and
the scalar field turns out to be 0 < α2 < 1, which is more tighter than that in the non-extended
phase space. It is also shown that these critical quantities and the ratio Pcvc/Tc are affected by
the power-law Maxwell field. Moreover, critical exponents are found to coincide with those of other
AdS black holes, showing the powerful influence of mean field theory.
PACS numbers: 04.70.Dy, 04.70.-s
I. INTRODUCTION
Dilaton field is a scalar field that appears in the low energy limit of string theory. One or more Liouville-type
potentials, resulted by the breaking of spacetime supersymmetry in ten dimensions, are contained in the action of
dilaton gravity. The dilaton field exerts such important influences on casual structure and thermodynamics of black
holes that both its black hole solutions and thermodynamic properties have attracted extensive attention of researchers
[1]- [31]. In an intersting paper [30], the authors considered a linearly charged dilatonic black holes and studied their
thermodynamical behavior in the context of phase transition and thermodynamic geometry. They employed a novel
thermodynamical geometry metric and showed that it worked perfectly especially when dealing with the case that
dilaton parameter is viewed as extensive parameter.
Recently, Ref. [26] constructed a novel class of higher dimensional topological black hole solutions in Einstein-
dilaton gravity coupled to power-law Maxwell filed. These solutions are of great physical significance. Because in
higher dimensions standard Maxwell Lagrangian is not conformally invariant while the Lagrangian with a power-
law Maxwell filed is conformally invariant if the parameter p describing the nonlinearity of the electromagnetic field
satisfies the relation p = (n+ 1)/4. The relevant physical quantities, such as the mass, temperature, charge, electric
potential were derived [26]. Thermal stability of these black holes was also thoroughly investigated [26]. In this paper,
we would like to generalize the thermodynamics to the extended phase space, where we regard the cosmological
constant as the thermodynamic pressure.
It is of vital importance to study the thermodynamics of black holes in the extended phase space. Firstly, only in the
extended phase space can the first law of thermodynamics of AdS black holes matches the Smarr relation. Secondly,
the variation of physics constants can be admitted in more fundamental theories. Thirdly, the mass of the black
hole should be interpreted as enthalpy rather than internal energy. This treatment will help understand the relations
between critical behaviours of AdS black holes and those of ordinary thermodynamic systems. Recently, P − V
criticality of charged AdS black holes was investigated in the extended space [38] where the analogy between charged
AdS black holes and Van der Waals liquid-gas systems was enhanced. Furthermore, reentrant phase transitions of
black holes were found to be reminiscent of multicomponent liquids [39–41, 47, 51, 56] while Small/intermediate/large
black hole phase transitions reminiscent of solid/liquid/gas phase transition were reported [41, 42, 51]. The research
on the extend phase space thermodynamics of black holes has been fruitful in the past few years [33]-[90] . For nice
reviews, see Ref. [56, 57].
Among the literatures, there have been efforts on the effect of dilaton field on the extended phase space thermo-
dynamics [25, 63, 64] and efforts on the effect of power-law Maxwell field [26, 30, 32, 60]. However, to the best of
our knowledge, the combined effects of both the power-law Maxwell field and the dilaton field on the Van der Waals
like phase transition have not been reported yet. It is expected that some unique characteristics will be disclosed,
motivating us to carry out the research in this paper. On the other hand, obtaining the analytic expressions of critical
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2quantities is a nontrivial task and deserves to be investigated since the situation will be quite complicated when both
the power-law Maxwell field and dilaton field are taken into consideration.
The organization of this paper is as follows. Relevant physical quantities of topological dilaton black holes with
power-law Maxwell field will be reviewed briefly in Sec. II. Then we will investigate their extended phase space
thermodynamics in Sec. III. Critical exponents will be calculated in Sec. IV. In Sec. V, we will present a brief
conclusion.
II. REVIEW OF TOPOLOGICAL DILATON BLACK HOLES WITH POWER-LAW MAXWELL FIELD
The (n+ 1)-dimensional action where gravity is coupled to a dilaton field and power-law Maxwell filed reads [26]
S =
1
16π
∫
dn+1x
√−g
{
R− 4
n− 1(∇Φ)
2 − V (Φ) + (−e−4αΦ/(n−1)F )p
}
, (1)
where Φ is the dilaton field whose potential is denoted as V (Φ). F = FµνF
µν , where Fµν = ∂µAν − ∂νAµ is the
electromagnetic field tensor. α describes the strength of coupling of the electromagnetic field and scalar field while p
describes the nonlinearity of the electromagnetic field.
It has been demonstrated in Ref. [26] that one can find topological black hole solutions if the above dilaton potential
consists of three Liouville-type potentials as follow
V (Φ) = 2Λ1e
2ζ1Φ + 2Λ2e
2ζ2Φ + 2Λe2ζ3Φ. (2)
Note that Λ1 and Λ2 are fixed by Eq.(8) while Λ remains a free parameter playing the role of the cosmological constant
with the relation Λ = −n(n− 1)/2l2 holds [26].
The corresponding solution has been derived as [26]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2R2(r)hijdx
idxj , (3)
Ftr =
qe
4αpΦ(r)
(n−1)(2p−1)
(rR)
n−1
2p−1
, (4)
Φ(r) =
(n− 1)α
2(α2 + 1)
ln
(
b
r
)
, (5)
where
f(r) =
k(n− 2)(1 + α2)2r2γ
(1− α2)(α2 + n− 2)b2γ −
m
r(n−1)(1−γ)−1
− 2Λb
2γ(1 + α2)2r2(1−γ)
(n− 1)(n− α2)
+
2pp(1 + α2)2(2p− 1)2b− 2(n−2)pγ2p−1 q2p
Π(n+ α2 − 2p)r− 2[(n−3)p+1]−2p(n−2)γ2p−1
, (6)
R(r) = e2αΦ(r)/(n−1). (7)
Note that the solution exists for conformally invariant source p = (n + 1)/4 [26]. And it reduces to the Einstein-
Maxwell-dilaton topological black hole when p = 1. hijdx
idxj is the line element of an (n−1)-dimensional hypersurface
with constant scalar curvature (n − 1)(n − 2)k. k is a constant characterizing the hypersurface. k can be taken as
−1, 0, 1, corresponding to hyperbolic, flat and spherical constant curvature hypersurface respectively. b is an arbitrary
positive constant while q is an integration constant related to the electric charge of the black hole. m is a constant
related to the mass of the black hole by Eq. (12). Relations of other constants are listed as follows [26]
γ =
α2
α2 + 1
, Π = α2 + (n− 1− α2)p,
ζ1 =
2
(n− 1)α, ζ2 =
2p(n− 1 + α2)
(n− 1)(2p− 1)α, ζ3 =
2α
n− 1 ,
Λ1 =
k(n− 1)(n− 2)α2
2b2(α2 − 1) , Λ2 =
2p−1(2p− 1)(p− 1)α2q2p
Πb
2(n−1)p
2p−1
. (8)
3Considering the fact that the electric potential At should be finite at infinity and the fact that the term including
m should vanish at spacial infinity, the restrictions on p and α has been derived as follow [26]
For
1
2
< p <
n
2
, 0 ≤ α2 < n− 2,
For
n
2
< p < n− 1, 2p− n < α2 < n− 2. (9)
Solving the equation f(r+) = 0 for the positive real root r+, the expression of m can be obtained as
m =
k(n− 2)b−2γr
α2+n−2
α2+1
+
(2γ − 1)(γ − 1)(α2 + n− 2) −
2b2γΛr
n−α2
α2+1
+
(n− 1)(γ − 1)2(n− α2)
+
2pp(2p− 1)2b− 2(n−2)pγ2p−1 q2pr−
α2−2p+n
(2p−1)(α2+1)
+
Π(γ − 1)2(α2 − 2p+ n) . (10)
The Hawking temperature can be calculated as
T =
f ′(r+)
4π
=
1 + α2
4π
[ k(n− 2)
b2γ(1− α2)r1−2γ+
− 2Λb
2γr1−2γ+
n− 1 −
2pp(2p− 1)b−2(n−2)pγ2p−1
Πr
2p(n−2)(1−γ)+1
2p−1
+ q
−2p
]
. (11)
The mass, the entropy, the charge and the electric potential has been obtained as [26]
M =
ωn−1b
(n−1)γ(n− 1)m
16π(α2 + 1)
, (12)
S =
ωn−1b
(n−1)γr
(n−1)(1−γ)
+
4
, (13)
Q =
ωn−12
p−1q2p−1
4π
, (14)
U =
(n− 1)p2qb (2p−n+1)γ2p−1
ΠΥrΥ+
, (15)
where Υ = n−2p+α
2
(2p−1)(1+α2) . Note that the expressions of mass, entropy and charge in Ref. [26] correspond to the
unit volume. We have recovered in the above expressions the factor ωn−1, which denotes the volume of the unit
(n− 1)-sphere.
III. EXTENDED PHASE SPACE THERMODYNAMICS OF TOPOLOGICAL DILATON BLACK
HOLES WITH POWER-LAW MAXWELL FIELD
With the physical quantities presented above, one can carry out some investigation in the extended phase space,
where the cosmological constant and its conjugate quantity can be interpreted as thermodynamic pressure and volume
respectively as follow
P = − Λ
8π
, (16)
V =
(
∂M
∂P
)
S,Q
. (17)
With Eqs. (10), (12), (16) and (17), the thermodynamic volume can be calculated as
V =
ωn−1b
(1+n)γr
n−α2
1+α2
+
(n− α2)(1 + α2)(γ − 1)2 , (18)
4Note that Eq. (18) is exactly the same as the thermodynamic volume of Einstein-Maxwell-dilaton black holes [63],
implying that power-law Maxwell field does not affect the thermodynamic volume. When n = 3, α = γ = 0, Eq. (18)
reproduces the result V = 43πr
3
+ of four-dimensional RN-AdS black hole.
The first law of black hole thermodynamics in the extended phase space can be written as
dM = TdS + UdQ+ V dP. (19)
With Eqs. (11) and (16), one can derive the equation of state as
P =
(n− 1)r2γ−1+
4(1 + α2)b2γ

T − k(n− 2)r2γ−1+ (1 + α2)
4π(1− α2)b2γ +
2p−2p(2p− 1)q2p(1 + α2)
πΠb
2(n−2)pγ
2p−1 r
1+2(n−2)p(1−γ)
2p−1
+

 . (20)
One can identify the specific volume as
v =
4(1 + α2)b2γ
(n− 1)r2γ−1+
. (21)
Then Eq. (20) can be rewritten as
P =
T
v
− k(n− 2)(1 + α
2)2
(n− 1)π(1 − α2)v2 +
2p−4p(2p− 1)q2p(n− 1)
π[ 4(1+α
2)
(n−1)v ]
2Π
(2p−1)(α2−1) b
2γ(np−2p+1)
(2p−1)(2γ−1)Π
. (22)
The critical point can be derived through the following conditions
∂P
∂v
∣∣∣∣
T=Tc
= 0, (23)
∂2P
∂v2
∣∣∣∣
T=Tc
= 0. (24)
However, Eq. (22) is so complicated that the above equations can not be solved easily without some simplification.
We introduce the notations as follow.
A =
k(n− 2)(1 + α2)2
(n− 1)π(1 − α2) , (25)
B =
2Π
(2p− 1)(α2 − 1) , (26)
C =
2p−4p(2p− 1)q2p(n− 1)
π[ 4(1+α
2)
(n−1) ]
Bb
2γ(np−2p+1)
(2p−1)(2γ−1)Π
. (27)
Then Eq. (22) can be reorganized as
P =
T
v
− A
v2
+
C
v−B
. (28)
Substituting Eq. (28) into Eqs. (23) and (24), one can analytically solve the equations and obtain
v2+Bc =
2A
(B +B2)C
, (29)
Tc =
2A(2 +B)
(1 +B)vc
, (30)
Pc =
A(2 +B)
Bv2c
. (31)
To ensure that the above quantities are all positive, the terms A, B and C should satisfy
A > 0, B ∈ (−∞,−2) ∪ (0,+∞), C > 0 Or A < 0,−2 < B < −1, C < 0. (32)
5Solving the above inequalities, one can derive the constraint on the parameters as 0 < α2 < 1.
Note that Eqs. (29)-(31) are obtained by analytically solving the critical condition equations related to the equation
of state (28). In mathematical sense, it is the general solution. However, we have to remind the readers of the following
two points who want to use these results directly in their future research. Firstly, they should strictly reorganize their
equation of state into the form of Eq. (28). Secondly, check with Eq. (32) and also other specific physical conditions
carefully to ensure whether the critical quantities make sense physically.
From Eqs. (26) and (27), one can see clearly that the values of B and C are influenced by the factor p, showing the
effects of power-law Maxwell field. Consequently, the critical quantities are also influenced by the power-law Maxwell
field. It can be proved that the above results reduce to those of charged dilaton AdS black holes reported in literature
when p = 1 [63]. Especially when k = 1, n = 3, p = 1, α = γ = 0, one can get
A =
1
2π
, B = −4, C = 2q
2
π
,
vc = 2
√
6q, Tc =
1
3
√
6πq
, Pc =
1
96πq2
, (33)
which exactly match the critical quantities for RN-AdS black holes [38].
Utilizing Eqs. (30) and (31), the ratio Pcvc/Tc can be calculated as
Pcvc
Tc
=
1 +B
2B
=
1 + 2np− 4p+ α2
4α2 + 4np− 4p− 4α2p , (34)
which reduces to 3/8 when n = 3, p = 1, α = 0 and recovers the result of four-dimensional RN-AdS black holes [38].
The ratio gains corrections related to p due to the effect of power-law Maxwell field.
The Gibbs free energy can be derived as
G = H − TS =M − TS. (35)
Note that we have interpreted the mass of black holes as enthalpy in the extended phase space.
Utilizing Eqs. (10), (11), (12) and (13), one can obtain
G = (1 + α2)Ωn−2
[k(n− 2)b(n−3)γr3γ−nγ−2−n+
16π(n+ α2 − 2) +
b(n+1)γPrn−γ−nγ+ (1 − α2)
(n− 1)(n− α2)
+
b
2pγ−nγ+γ
2p−1 2pp(2p− 1)q2p(2pn− 4p+ 1 + α2)r
2p−2pγ−n−γ+nγ
2p−1
+
16π(n− 2p+ α2)Π
]
. (36)
As a specific example, the case p = 2, n = 7, k = 1 will be discussed thoroughly. The equation of state and Gibbs
free energy for this case can be derived through Eqs. (22) and (36) as
P =
T
v
− 5(1 + α
2)2
6π(1− α2)v2 +
9q4
π[ 2(1+α
2)
3v ]
2(12−α2)
3α2−3 b
22γ
3(2γ−1) (12− α2)
, (37)
G = (1 + α2)π2
[5b4γr−4γ−9+
16(5 + α2)
+
b8γPπr7−8γ+ (1− α2)
6(7− α2) +
3b
−2γ
3 q4(21 + α2)r
2γ−3
3
+
2(3 + α2)(12− α2)
]
.
(38)
When p = 2, n = 7, k = 1, the terms A, B and C can be calculated as
A =
5(1 + α2)2
6π(1− α2) , (39)
B =
24− 2α2
3(α2 − 1) , (40)
C =
9q4
π[ 2(1+α
2)
3 ]
Bb
22α2
3α2−3 (12− α2)
, (41)
6TABLE I: Critical quantities for p = 2, n = 7, k = 1
α q vc Tc Pc Pcvc/Tc
0.10 1 1.00397 0.467517 0.203997 0.438073
0.25 1 1.03861 0.532952 0.226346 0.441099
0.50 1 1.14940 0.859766 0.338196 0.452128
0.75 1 1.28750 2.15943 0.790496 0.471311
0.50 2 1.59612 0.619137 0.175381 0.452128
0.50 3 1.93409 0.510946 0.119443 0.452128
T=0.6<Tc
T=0.859766=Tc
T=1.2>Tc
0.6 0.8 1.0 1.2 1.4 1.6 1.8
v
0.2
0.4
0.6
0.8
1.0
P
(a)
P=0.2<Pc
P=Pc=0.338196
P=0.5>Pc
0.2 0.4 0.6 0.8 1.0 1.2
T
-5
5
10
15
20
25
G
(b)
FIG. 1: (a) P vs. v for p = 2, n = 7, q = b = 1, α = 0.5 (b) G vs. T for p = 2, n = 7, q = b = 1, α = 0.5
with which we can obtain the relevant critical quantities. We list the results for different choices of parameters in
Table I.
P −v graph is plotted in Fig. 1(a) while Gibbs free energy graph is depicted in Fig. 1(b). It is shown in P −v graph
that the isotherm for the temperature above the critical temperature is monotonically decreasing while the isotherm
for the temperature lower than the critical temperature can be divided into three branches. Namely, the stable large
radius branch, the stable small radius branch and the unstable medium radius branch. There exists phase transition
between the small black hole and the large black hole which is analogous to the van der Waals liquid-gas system. It
is shown in Gibbs free energy graph that swallow tail appears when the thermodynamic pressure is lower than the
critical pressure.
IV. CRITICAL EXPONENTS OF TOPOLOGICAL DILATON BLACK HOLES WITH POWER-LAW
MAXWELL FIELD
The relevant critical exponents are defined as follows
CV ∝ |t|−α, (42)
η ∝ |t|β, (43)
κT ∝ |t|−γ , (44)
|P − Pc| ∝ |v − vc|δ, (45)
where α and γ describe the behavior of CV and κT respectively while β and δ characterize the behavior of the order
parameter η and the critical isotherm respectively.
It would not be difficult to understand that the fixed volume specific heat CV and the critical exponent α both
equal to zero since the entropy S does not depend on the Hawking temperature T .
7To facilitate the calculation of other three critical exponents, one can define
t =
T
Tc
− 1, ǫ = v
vc
− 1, pˆ = P
Pc
. (46)
With the above notations, Eq. (22) can be expanded as
pˆ = 1 + pˆ10t+ pˆ01ǫ+ pˆ11tǫ+ pˆ02ǫ
2 + pˆ03ǫ
3 +O(tǫ2, ǫ4). (47)
where
pˆ01 = pˆ02 = 0, (48)
pˆ10 =
4α2 + 4np− 4p− 4α2p
1 + 2np− 4p+ α2 , (49)
pˆ11 = −4α
2 + 4np− 4p− 4α2p
1 + 2np− 4p+ α2 , (50)
pˆ03 = −4α
2 + 4np− 4p− 4α2p
1 + 2np− 4p+ α2 +
4(n− 2)k(1 + α2)2
(n− 1)πv2cPc(1− α2)
− 2
p−2pq2p(n− 1)b− 2γ(np−2p+1)(2p−1)(2γ−1)Π
πPc[
4(1+α2)
(n−1)vc
]
2Π
(2p−1)(α2−1) (2p− 1)(1− α2)2
− (np− 3p+ pα
2 + 1)(α2 + 2np− 4p+ 1)2ppq2p(n− 1)
24(2p− 1)2(1− α2)3πb 2γ(np−2p+1)(2p−1)(2γ−1) [ 4(1+α2)(n−1)vc ]
2Π
(2p−1)(α2−1)Pc
. (51)
Since the pressure keeps constant during the phase transition, one can equal the pressure of large black hole with
that of small black hole
1 + pˆ10t+ pˆ11tǫl + pˆ03ǫ
3
l = 1 + pˆ10t+ pˆ11tǫs + pˆ03ǫ
3
s. (52)
Based on the Maxwell’s equal area law, one can obtain∫ ǫs
ǫl
ǫ
dpˆ
dǫ
dǫ = 0, (53)
where
dpˆ
dǫ
= pˆ11t+ 3pˆ03ǫ
2. (54)
Then one can derive
pˆ11t(ǫ
2
s − ǫ2l ) +
3
2
pˆ03(ǫ
4
s − ǫ4l ) = 0. (55)
Utilizing Eqs. (52) and (55), one can obtain
ǫl = −ǫs =
√
−pˆ11t
pˆ03
. (56)
Then
η = vl − vs = vc(ǫl − ǫs) = 2vcǫl ∝
√−t, (57)
According to the definition of β, one can draw the conclusion that β = 1/2.
Since the isothermal compressibility coefficient
κT = −1
v
∂v
∂P
∣∣∣∣
vc
∝ − 1
∂pˆ
∂ǫ
∣∣∣∣∣
ǫ=0
= − 1
pˆ11t
, (58)
8one can conclude that γ = 1.
Substituting t = 0 into Eq. (47), one can get
pˆ− 1 = pˆ03ǫ3, (59)
According to the definition of δ, one can derive that δ = 3.
The above results of critical exponents are totally the same as those of other AdS black holes in former literatures [38,
39], showing the effect of mean field theory.
V. CONCLUSIONS
In this paper, we extend the former research [26] to the extended phase space and probe the effects of power-
law Maxwell field on the Van der Waals like phase transition of higher-dimensional dilaton black holes. Treating
the cosmological constant as thermodynamic pressure, we derive the explicit expression of its conjugate quantity-
thermodynamic volume. It is shown that the thermodynamic volume of dilaton black holes with power-law Maxwell
field is exactly the same as that of Einstein-Maxwell-dilaton black holes [63]. This result implies that power-law
Maxwell field does not affect the thermodynamic volume.
The equation of state becomes quite complicated when the dilaton field and Maxwell field are both taken into
consideration. So it is a nontrivial task to obtain the analytic expressions of the critical quantities. By introducing some
notations to simplify the equation of state, we successfully derive the analytic solutions of critical point. Furthermore,
we carry out some check to ensure that these critical quantities are positive. It is shown that the constraint on the
parameters turns out to be 0 < α2 < 1, which is more tighter than that in the non-extended phase space. It is also
shown that these critical quantities are influenced by the power-law Maxwell field while they coincide with those of
charged dilaton AdS black holes [63] when p = 1. Especially when k = 1, n = 3, p = 1, α = γ = 0, they recover the
result of four-dimensional RN-AdS black holes [38]. Moreover, the analytic expression of the ratio Pcvc/Tc is derived
with corrections due to the effect of power-law Maxwell field.
As a specific example, the case p = 2, n = 7, k = 1 is discussed thoroughly and the results for different choices of
parameters are listed in Table I. P − v graph and Gibbs free energy graph are also depicted to provide an intuitive
understanding of the possible phase transition. Both the isotherm and Gibbs free energy graph exhibit behaviors
analogous to the van der Waals liquid-gas system when the temperature is lower than the critical temperature.
Critical exponents are also calculated to probe the critical behavior near the critical point. It is shown that these
exponents coincide with those of other AdS black holes, showing the powerful influence of mean field theory.
To summarize, our research discloses the effects of power-law Maxwell field on the Van der Waals like phase
transition of higher dimensional dilaton black holes. It will help further understand the rich physics of both the
power-law Maxwell field and dilaton field. It will also enhance the understanding of the close relation between AdS
black holes and liquid-gas systems.
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